In the present work, we develop a calculational method of solving the scattering equations for spherically symmetric potentials by expanding the solutions on Coulomb functions. We utilize a multistep integration scheme together with the standard partial wave analysis in a region where the potential term dominates. The method applies to any physical problem expressed as ∇ 2 + V ( ) + 2 ψ( ) = 0, while the extension of the method to more general scattering problems is briefly discussed. At present, we demonstrate a two-step Coulomb-fitted integration scheme by calculating the short-range scattering phase shifts for various potentials V ( ).
Introduction
Since the free-electron laser (FEL) fields have become available, at FLASH and LCLS [1] , theoretical efforts to advance computational methods are in order to test the results obtained through experiment [2, 3] . To date, computation of the double ionisation continuum states of atomic systems beyond helium is still a theoretical challenge. Toward this goal, a number of theoretical approaches have appeared that are capable of dealing with the inevitable outcome of ionization following the interaction of FEL fields with any atomic system (see [4, 5] and references therein). Apart from problems that involve multielectron interactions there are physical processes where singleelectron ejection can also be a challenging problem, as for instance in the case of hard x-ray ionization of an atomic system or the propagation of the electrons in semiconductors, to mention a few. In both cases, the configuration space of the electrons may extend to distances that exceed thousand of times the atomic dimensions, thus imposing extreme computational demands if the conventional methods are followed. It is then important to continuously investigate methods where the continuum states (scattering states) of a quantum system can be can be computed accurately and efficiently.
A promising method to this direction is the development of exponentially and Bessel fitted algorithms for the solution of the one dimensional Schrödinger equations [6] . As it is known the Bessel functions are solutions of the scattering problem for neutral targets and as such these (Bessel) functions do not capture essential properties of the scattering solutions in the field of a charged atomic system. From the point of view of atomic scattering theory, the case of a charged atomic potential is of more practical interest since it represents the vast majority of processes that lead to ionization of the atomic/molecular system. Formally, the target can be modelled by a charged residual core with the ejected electron escaping under the influence of a long-tail Coulombic potential [7] . For example, for hydrogenic systems, within the context of a partial wave expansion, the radial part of the continuum wavefunctions is described by the regular and irregular Coulomb functions, being the solutions of the pure scattering problem V ( ) ∼ 1/ [8, 9] . It is then reasonable to expect, that for a charged atomic/molecular system the Coulomb wave functions provide a better candidate than the Bessel functions to achieve an accurate and efficient integration scheme.
It is the purpose of this work (a) to generalize the work of Raptis and Cash [6] and develop a multistep integration algorithm based on the asymptotic solutions of the Schrödinger equation (Coulomb wave functions) and (b) to present an alternative computational scheme for solving the scattering equations through a combination of partial wave analysis and a method based on the expansion of the radial solution onto the regular and irregular Coulomb functions. The method allows for an hybrid approach relative to schemes where the solution is based either on some known basis functions (transforming the differential equations to a matrix equation numerical problem) or on its direct evaluation on a grid (i.e. finite-differences). The fact that the present method is based on asymptotic solutions of the equations means that it takes into account a priori knowledge of the general behaviour of the solution. One immediate advantage, over the basis approach, is that the storage requirements is extremely low. For a k-multistep implementation of the present algorithm only values of the solution are required to forward it for the next step. This means that the solution can be forwared to great distances with the exact same storage requirements as in smaller-scale calculations.
In section 2, we review and give the main formulas of the partial wave analysis of the potential scattering theory. In section 3, which include the main results, we develop the numerical method for the calculation of the scattering states and the short-range phase shifts and then calculations for various potential forms are presented. In section 4, the extension of the method for more complex problems, such as multichannel scattering is presented. In this section we show how the method can be generalized in order to solve a coupled system of differential equations. Finally, in the appendix, for completeness, we outline the Numerov method, within the present context of the scattering problem, as a two-step integration scheme. Atomic units are used throughout the text.
Theoretical formulation of the potential scattering
In this section, we outline briefly the theory of electron scattering in the field of a charged atomic system, represented by a spherically symmetric potential V ( ). Scattering of waves or particles in the presence of a target, has been the subject of many theoretical studies over the past decades especially in the research area of electromagnetic radiation, classical and quantum mechanics [10] [11] [12] . Theoretically the scattering problem often is formulated so that the target is represented throuh a spatially dependent potential field V (r). Such formulations of the problem can also include multichannel scattering and/or non-local interactions and the details can be found to many relevant textbooks as well as in the more specialized ones as in [13] [14] [15] . In particular, potentials of spherical symmetry V ( ) have been the subject of very intense study due to their physical importance. Spherically symmetric scatterers allow the expansion of the waves in terms of spherical harmonics, with the multidimensional scattering equation to transform into a system of one-dimensional partial-wave radial equations. Solution of the partialwave radial equations allows the calculation of quantities, directly related with the experimental observations. This technique is widely known as partial wave analysis [12] . More specifically, the scattering states are solutions that obey a partial differential equation of the form,
where ψ k (r) represents the wavefunction for the scattered particle while the potential V ( ) is the potential due to the target. The scattering equation is supplemented with the appropriate boundary conditions at the infinity, which, for short-range spherically symmetric potentials, makes the scattering amplitude rotationally invariant with respect to the incident plane-wave wavevector k :
where C is a normalization constant, the magnitude of the wavevector of the outgoing spherical wave k = ˆ and θ representing the angle between the incident wavevector k and the observation directionˆ . The scattering amplitude (θ ) is a key quantity since it represents the experimentally accessible differential cross section of the scattering process, σ / Ω = | (θ )| 2 . From standard partial-wave analysis, it follows that the calculation of the scattering amplitude is equivalent to the calculation of the so-called partial-wave phase shifts [11, 12] . For this reason, the phase shifts calculation plays an important role in the description of the scattering process. At a more quantitative level, ignoring the spin-variable of the electron, the stationary Schrödinger equation [Eq. (1)] provides the electron wavefunction ψ k (r) throughout the electron's configuration space. The spherical symmetry is exploited by expanding the scattering wave ψ k (r) in the partial wave basis (1/ ) ( )Y (θ φ), with ( ) the radial wave functions of the basis and Y representing the spherical harmonics functions. In a spherical coordinate system, this expansion makes the solution independent on the azimuthal φ angle [16] :
with P (cos θ) representing the Legendre polynomial of order and σ ( ) the partial-wave scattering phase shifts, dependent on the electron wavenumber and the angular momentum quantum number, . C is a constant that depends on the chosen normalization rule. Following a straightforward procedure the scattering amplitude can be expressed as,
From the above expression, it is immediately evident that the calculation of the scattering amplitude is reduced to the calculation of the partial-wave phase shifts σ ( ). The latter phase shifts can be calculated by knowing the radial wavefunctions ( ). The radial wavefunction can be calculated as the solutions of a second-order differential equation subject to certain boundary condition. Substituting the partial-waves expansion [Eq. (3)] into Eq. (1) and integrating over all involved angular variables, results to the following one-dimensional partial-wave equation [11, 12] ,
For a charged target we may separate the potential V ( ) as, V ( ) = (Z − N)/ + ( ), with Z − N the charge of the atomic system and ( ) falling off at the infinity faster than 1/ . The above radial equation is supplemented with the appropriate boundary condition for the continuum states. The latter at the origin is as, ( → 0) → C +1 while at the infinity the asymptotic condition reads: 
Coulomb-fitted solutions in the scattering region
Let us consider Eq. (5), approximate the radial wavefunction ( ) with ( ) and reformulate it as the following boundary value problem:
with ( ) denoting the second derivative of ( ) function while ( ) should satisfy certain boundary conditions as (0) = 0 (R) = at some finite distance R. We integrate the above equation by first assuming a grid of equally spaced intervals 0 < 1 < < N with step size = +1 − = 0 1 N −1 and then approximate the solution by the multistep method,
where is the right-hand-side of Eq. (7) and β integer numbers. Adopting a two-step symmetrical integration procedure ( = 2 0 = 2 = 1 1 = −2) the multistep integration algorithm [Eq. (9)] becomes: 3 (3) + 0( 4 ) [6] . Equation (10) is the integration scheme used for the solution of the radial equations. The β 0 β 1 β 2 amplitudes are chosen so that the numerical solution (10) and the analytical solution to coincide in the limiting regions → 0 and → ∞, equivalently, to integrate exactly the corresponding analytical solutions. Asymptotic solutions ( → ∞) of the radial equation Eq. (7) are the Coulomb functions ( ) ( ) [16] . For great distances > R 0 , where R 0 is chosen such that (R 0 ) (Z −N)/R 0 , the coefficients β 0 β 1 β 2 , are derived on the basis that the solution ( ) satisfy the asymptotic form of the differential equation (7), ( ) → 0. Following Raptis and Cash [6] the values for the rdependent coefficients β 0 ( ) β 1 ( ) β 2 ( ) are determined if we require that the Coulomb functions satisfy exactly Eq. (7) when the integration scheme (10) is applied:
The above two equations, supplemented with the condition β ( ) = 0 result to the following values for β : 
with 0 = R 0 being the first point of the asymptotic region and N = R. Briefly, the calculation procedure is as below (see Fig. 1 ):
1. We determine the solution in the region [0 R 0 ] with a multistep integration method (10) with the boundary R 0 set at a value where the asymptotic part of the potential (R 0 ) ∼ (0) (R 0 ) dominates. In the present work we employ the well-known Numerov method [17] (also see the appendix) mainly due its simplicity and because it is the highestorder method which is at the same time a threepoint method. Note that any integration scheme can be chosen in this region, for instance such as a Runge-Kutta method. For the particular twostep integration scheme adopted here, the Numerov method results to constant values for the parameters β = 0 1 2, throughout the inner region:
2. In the asymptotic region [R 0 R], we employ the twostep integration scheme (10) which, as shown, resulted to spatially dependent parameters β ( ) = 0 1 2 as given in Eq. (12).
Renormalization of the scattering solutions
Having calculated the approximate solutions ( ) in the region [R 0 R] we arrive at a position to calculate the scattering phase shifts. To this end, we need to normalize the numerical solutions in accordance to the proper boundary conditions. Adopting the semiclassical approximation (WKB) of the scattering wavefunction in the asymptotic region we require [12] :
The 'local' wavenumber ζ( ) and phase φ( ) satisfy the following differential equations: (18) supplemented with the asymptotic condition
. The numerical calculation of ζ( ) is performed through a secondorder analytical iterative expansion [19] . At this stage we require that the calculated solution ( ) is proportional to the WKB solutions ( ) by a constant normalization factor N :
Utilizing the above equation, standard fitting methods allow the extraction of the short-range scattering phase shifts δ ( ) (modulo π) and the value of N for all and . 
Polarization and Lennard-Jones potentials
To test in practice our approach we examine the scattering of an electron for three different forms of the potential function V ( ). Following the combined two-step Numerov/Coulomb-fitted approach, we first calculate the scattering partial-wave radial functions ( ) and then the short-range phase shifts δ ( ) by utilizing the requirement Eq. (19) .
Buckingham polarization potential.
First, we examine the polarization potential V ( ) = −V 0 /( 2 + 2 ) 2 for two different values of V 0 and = 1. This potential has widely used in the description of elastic scattering of charged particles by atomic systems. V 0 is related with the atomic polarizability of the atomic system while is a cut-off parameter dependent on the size of the atom and is inserted phenomenologically to prevent the 1/ 4 singularity at the origin. The calculated phase shifts are compared with those obtained from other theoretical works [12, 20] . In table (1) the short-range scattering phase shifts (modulo π) for the case of soft (V 0 = 0 5) and hard (V 0 = 125) scattering are shown. The wavenumber was chosen equal to = 5 a.u. while for the normalization procedure Z − N = 0 was chosen. The agreement with the other theoretical results are excellent for all partial waves. The value of integration step was = 0 0166 a.u. while the outer boundary was set to R = 45 a.u.. As expected the phase shifts for a given value of decrease as the angular momentum increases.
Lennard-Jones.
Next, we choose the well-known Lennard-Jones potential
, governing the interaction of diatomic molecules. We assumed V 0 = 250 and Z − N = 0. In the table (2) we show the scattering phase shifts for = 10 a.u.. The integration step was chosen = 0 01 a.u. while the outer boundary set to R = 10 a.u.. In the same table we also give the phase shifts calculated numerically by Avdelas and Simos [21] and Raptis and Cash [6] . The agreement for all partial momenta is excellent, veryfying the accuracy of the present method.
Static (no-exchange) potential
Finally, we have studied the static (no exchange) potential, representing the field felt by an electron moving in the region of singly charged He + (1 ) ion in its ground state. For this system, the residual ion potential can be approximated as V ( ) = −(2 + 1/ ) −4 . For this potential, asymptotically, Z − N = 1 and the asymptotic form of the scattering wavefunctions is a linear combination of the regular and irregular Coulomb functions (Eq. 6) [12] . In Fig. 2 we plot the radial functions ( ) for various for = 0. This figure is comparable with the calculations by B. Shore, who used a B-spline polynomial based finite element method (figures (1) and (2) of [22] ). We have found an excellent agreement for all three electron kinetic energies 2 /2.
Extension of the method in the multichannel case
In this section we show that the generalization of the present method is straightforward to the case of multichannel scattering problems. There are many problems where the scattering equations can be formulated as a system of coupled differential equations, namely as [13, 15] :
with ( ) the coupling potentials. To facilitate the discussion we consider the particular example of scattering of an electron from an atomic system. In this case, the channel wavefunction F ( ) is expressed through the radial part of the electron's wavefunction in a close-coupling formulation, Ψ = Φ F ( ), with Φ the eigenstates of the atomic system [14, 15] . 2 
= 2(E T − E )
, where E T is the total energy of the combined atom + electron system and E is the energy of the atomic system in a particular eigenstate. It is well known that when 2 > 0 (open channel) then the radial solutions F ( ) are oscillatory in the asymptotic region, while for 2 < 0 (closed channel) we have exponentially decaying solutions. For simplicity we will restrict ourselves in the case where all channels are open. Assuming that the eigenfunctions of the atomic system Φ are known, then, the calculation of F ( ) leads to the calculation of the wavefunction of the combined atom+electron system, Ψ. The use of the Numerov method for the solution of coupled channel equations was is discussed by Allison in ref. [23] (known as iterative Numerov method) and applied to various physical problems. Its implementation is straightforward here and further mention is beyond the purposes of the present work. Turning now to the problem of solving the system of the coupled equations using a Coulomb-fitted method [Eq. (20) ] we first note that in the asymptotic region the potentials ( ) are expressed as:
where (known) real numbers with their value depending on the particular system under investigation. Therefore the potentials vanish faster than the Coulombic term 2(Z − N)/ . The latter means that in the asymptotic region we can propagate each of the F ( ) functions with the method developed in the single-channel case with the difference that each 'channel' solution propagates with its own (0) determined exclusively from the angular momentum quantum number and wavevector according to 2 = 2(E T − E ). Having obtained the numerical solutions F ( ) one can apply well established re-normalization techniques for multichannel scattering problems [13, 14] . Briefly the solutions are renormalized such that to satisfy:
with K elements of the well-known K-matrix that characterizes uniquely the scattering process. Although no difficulty arises to formulate the extension of the method to treat more general cases of scattering it is matter of further investigation to explore particular advantages over other calculational approaches.
Conclusion
We have developed a numerical integration scheme for the solution of the scattering problem from spherically symmetric potentials. The method is an alternative approach to other traditional methods, which are based on a basis expansion (matrix formulation) or on a grid representation (i.e. finite-differences) of the wavefunction. The method is applicable to potentials having either short-or -long tail such as the Coulombic field of neutral or charged atomic systems. We also discuss, briefly, the procedure for the extension of the method to multichannel scattering problems. For the cases we examined, the Buckingham polarization, Lennard-Jones and the static (without exchange) potentials we have found excellent agreement with existing theoretical results.
1 ( ) = +1 and 2 ( ) = 1/ . From these two solutions the latter one is rejected since it fails to fulfil the boundary condition at the origin (0) = 0 for = 0. The solution for = 0 is rejected since is not normalizable, namely The outward integration of the recursive scheme (10) demand the first two grid points 0 1 to be determined. These two values, in the particular case of atomic potentials, can be found by comparing Eq. (A2) with the following limiting behaviour of the solution at the origin [13, 17, 18] : 
